The article reports three experiments designed to explore heuristics used in comparing the lengths of completed Euclidean Traveling Salesman Problem (E-TSP) tours. The experiments used paired comparisons in which participants judged which of two completed tours of the same point set was shorter. The first experiment manipulated two factors, the presence/absence of crossed arcs, and the relative areas of the enclosed polygons. Both factors significantly influenced judgments, with the absence of crossings and smaller areas being associated with shorter tours. The second experiment examined the effects of crossings only, and compared stimulus pairs using all possible combinations of no, one, and more than one crossing. The results showed a significant tendency for tours with one or more crossings to be judged longer than tours with none, while tours with more crossings were not judged to be longer than tours with only one. Apparently the mere presence of a crossing is sufficient to cause a tour to be judged as longer. The third experiment examined the effects of area only, and consisted of two parts. In the first part, participants judged which of two tours that differed in area was shorter. The results supported those of the first experiment, by finding that tours with smaller areas tended to be judged as shorter. In the second part of the experiment, participants judged the relative areas of each pair, to determine whether people can reliably differentiate the areas of such complex polygons. The results confirmed that they can, thereby supporting the feasibility of using differences in area as a heuristic to judge relative lengths. The results were discussed in terms of Carruthers's (2015) proposal of goal modification and the suggestion is made that applying heuristics of the type identified may represent a specific form of goal modification.
IntroductIon
The letter of invitation to this special issue indicated that it was partly motivated by the PhD dissertation of Sarah Carruthers (2015) which, among other things, proposed that when people are tasked with finding optimal solutions to instances of hard computational problems, the goal of the task may not be welldefined and therefore not encodable. For a goal to be well-defined, it must be possible to determine when it has been achieved (p. 41), which may not be the case in many hard optimization problems. An example is the Euclidean Traveling Salesman Problem (E-TSP), where problem solvers are provided with a set of points and invited to find the shortest tour that passes through each point and returns to the starting point. It is unlikely that, in any but the most trivial instances, problem solvers could know that an optimum tour had been achieved without external aid. Carruthers considers two reasons for this, one being that people may be unable to judge accurately which of two candidate solutions is shorter (p. 41). If people are unable to determine whether an optimal tour has been attained then they cannot be working on the given task, but "on some other, unknown, task" (p. 44).
In the case of E-TSP, if people are working on some unknown task, the fact remains that their solutions are frequently very good, and sometimes optimal Graham, Joshi, & Pizlo, 2000; MacGregor & Ormerod, 1996) . The question therefore persists as to how human solvers are able to reach good, fast, solutions to problems with indeterminable goal states. In the psychology of problem solving and decision making, a longstanding answer to similar questions has been that problem solvers use heuristic procedures (Gigerenzer & Goldstein, 1996; Kahneman & Tversky, 1972; Simon, 1983; Tversky & Kahneman, 1973) . However, before assuming that heuristics explain performance, Carruthers (2015) proposes that identifying the problem as encoded is important, "because the encoded problem drives performance" (p. 47). The present article explores this proposal by designing a task that meets the definition of having an indeterminable goal and showing that people, first, act as if they believe they can achieve the goal and, second, appear to use heuristics in trying to do so.
The procedures described below use the method of paired comparisons to examine how people judge which of two tours MacGregor, J. N. Heuristics for Comparing the Lengths of Completed E-TSP Tours is shorter, even when the tours are of virtually identical lengths. It is one of a few studies to investigate E-TSP performance by having people judge tours rather than generate them. One of the first studies to use a judgment paradigm invited participants to assess the gestalt quality of goodness of figure of 30 completed 10-node TSP tours that ranged in length from 0% to 45% above the optimal . The results indicated that mean goodness ratings increased linearly with decreasing distance from optimality. The findings therefore suggest that figural goodness may provide one potential heuristic mechanism for judging the quality of a completed tour. Vickers et al. (2006) reported an experiment in which participants judged the perceived goodness of 162, 25-node tours that varied in distance above optimal from 0% to 25%, and in a number of additional stimulus characteristics. The reporting of results focused primarily on individual differences which, as the authors stated, did not make for "easy generalizations" (Vickers, Lee, Dry, Hughes, & McMahon, 2006, p. 38) . Nevertheless, among the variables reported as contributing to figural goodness were path length, circularity, path complexity, and convexity. The independent variables were also correlated with one another, suggesting a nexus of stimulus characteristics that people could use to judge the lengths of tours. A third study using a judgment paradigm was reported by Dry and Fontaine (2014) , which, unlike the previous studies, presented unconnected point sets rather than completed tours as stimuli. On each trial, participants were shown four point sets varying on several dimensions and were asked to select which would be easiest to solve optimally (Dry & Fontaine, 2014 ). The results indicated that both of the stimulus properties that were independently varied-number of potential intersections and number of nodes on the convex hull-had a significant effect on judgments. An additional post hoc analysis of stimulus properties indicated that the number of indentations, a factor related to convexity, may also have influenced judgments. This latter finding stands in contrast to results reported in MacGregor (2012) from a study using a paired-comparison procedure of completed tours. In this case a stimulus was a pair of optimal tours of a given point set that varied in the number of indentations. Ten different stimuli were used, and participants judged which member of a pair was shorter. The results showed no significant effect of number of indentations on length judgments. However, because differences in number of indentations were either one or two, it is possible that the manipulation was not sufficiently strong to have influenced judgments. Also, the fact that participants were comparing tours that were both optimal may have placed limits on any possible effects.
Of the studies reviewed above, all but the last identified stimulus factors that people used in judging the lengths of actual or potential TSP tours. The factors included figural goodness, circularity, and convexity, any or all of which might be used as heuristics in judging whether or not an "optimal" tour has been achieved. Of note, none of the studies included the presence of intersections as a stimulus factor, and one explicitly excluded them . This is notable because a well-established finding is that human tours rarely produce crossed arcs (Graham, Joshi, & Pizlo, 2000; MacGregor & Ormerod, 1996) . On average, only 6% of 1826 humangenerated tours showed crossings in results summarized by van Rooij, Stege, and Schactman (2003) , who proposed that in constructing tours, people aim to avoid creating crossed arcs. The results suggest that people may be sensitive to crossings, which suggests that the presence or absence of crossings may also serve as a heuristic in judging tour lengths.
The present study reports three experiments that, separately and in combination, tested whether participants used (1) the presence of crossings in E-TSP tours, and (2) the areas of the polygons enclosed by them as heuristics in judging the relative lengths of tours. For purposes of control, the studies compared pairs of tours that were of virtually the same lengths and that used exactly the same point sets. Because of this, differences in area, convexity, and circularity of pair members were perfectly correlated in the present stimuli. For convenience, reference is made to "area" in most instances, recognizing that area, convexity and circularity are indistinguishable in the present case.
ExpErImEnt 1
Experiment 1 tested the hypotheses that (1) tours with crossings are judged to be longer than tours without, and (2) tours with larger areas are judged to be longer than tours with smaller areas.
mEthod
Participants. Participants were 20 volunteers recruited from the campus community at the University of Victoria.
Stimuli. The stimuli were 60 completed instances of TSPs organized into 30 paired comparisons. In 20 of the comparisons, one member of a pair had a crossing. There were 10 comparisons each of 10-node and 20-node instances. The remaining 10 comparisons involved pairs with no crossings but different areas, five of 10-node instances, and five of 20-node instances.
The stimuli were produced in the following way. A 10-node point set was randomly generated under the constraint that exactly five points fell on the convex hull, relatively close to the expected value of 5.95 for randomly generated 10-node point sets (Philip, 2004) . The set was constrained to occupy a display of 512 x 512 pixels. Then, tours were randomly generated until one was found without a crossing whose length fell within the typical range of human solutions. This represented a base tour. Next, random tours were produced until MacGregor, J. N.
Heuristics for Comparing the Lengths of Completed E-TSP Tours one was found with a crossing whose length was (1) shorter than the base tour, and (2) within 2% of its length. This was then repeated until a tour was found whose length was within 2% of the base tour's and with a different area. This procedure resulted in a triad of tours of virtually the same length for the same point set, consisting of 2 tours without crossings but that differed in area (the base tour and the alternate area tour) and one tour with at least one crossing (the crossing tour). The procedure was then repeated until there was a total of five such triads. Finally, the whole procedure was repeated to produce a second set of five triads, each of 20-node instances (although in this case the number of nodes on the convex hull was not constrained). For each of the 10 triads, the shortest tour's length was within 1.45% of the longest. For 9 of the 10, the crossing tour was the shortest (for one case, the alternate area tour was 0.2% longer than the crossing tour). For the base and alternate area tours, the differences between the larger and smaller areas ranged from 3% to 46% with a mean of 17%. For the 10-node stimuli, base tours ranged from 3% to 23% above the optimal solution, and for the 20-node stimuli, from 11% to 39%. Each of the 10 stimulus triads yielded three paired comparisons, base versus crossing, alternate area versus crossing, and base versus alternate area, resulting in 20 comparisons of a crossing and non-crossing tour, and 10 of two non-crossing tours that differed in area. The 30 paired comparisons were presented as Powerpoint slides in random order. On each slide, a randomly selected member of the pair was rotated through 90 degrees to help disguise the fact that each involved the same point set. An example of a stimulus pair is shown in Figure 1 (see next page).
Procedure. Participants were tested individually. Instructions stated that the task was to indicate which member of each pair had the shorter path. The instructions included the statement, "You will have only 10 seconds to decide, so please make a snap judgment-there will be no time to make a detailed comparison. " On completion of the procedure, participants were asked what characteristics of a tour, if any, they used in making a judgment.
rEsults and dIscussIon
Crossings. The first result of interest was whether a tour with a crossing was more likely to be judged as longer than its matched counterpart with no crossing. Of the 20 comparisons involving crossings and non-crossings, the number of times participants selected the option with a crossing as longer ranged from 3 to 20, with a mean of 13.20 (66%) and standard deviation of 4.96. The difference from the expected mean of 10 was significant by a one-sample t-test, t(19) = 2.81, p = .01, d = 0.63. A Bayesian analysis indicated a Bayes Factor in favor of the alternate hypothesis of BF 10 = 4.71, interpretable as representing "substantial" evidence for the alternate hypothesis (Jarosz & Wiley, 2014) . There was little evidence of a difference between the 10-node and 20-node problems in the tendency to judge stimuli with crossings as longer, the means (and standard deviations) being 6.35 (2.69) for the former and 6.85 (2.54) for the latter, t(19) = 1.31, p = .20. The Bayes Factor of BF 10 = 2.04 indicated "weak" evidence for the hypothesis of a difference (Jarosz & Wiley, 2014) . Fifteen of the 20 participants (75%) cited crossings as a factor in their judgment, indicating that crossings were not only noticed, but also recognized as a factor in decisions making. Thirteen of these participants considered crossings to signify longer tours, two as indicating shorter tours. The results supported the hypothesis that tours with crossings are judged to be longer than those without.
Areas. Ten of the comparisons involved pairs with no crossings but different areas, with differences ranging from 3% to 46%. Participants selected the tour with the smaller area as the shorter from three to nine times of 10 decisions, with a mean of 6.20 (62%) and standard deviation of 1.60. The difference from the expected mean of 5 was significant by a one-sample test, t(19) = 3.27, p < .01, d = 0.73, BF 10 = 11.00, indicating "strong" evidence in favor of the alternate hypothesis. There was no difference between the 10-node and 20-node problems in judging smaller areas to be shorter, the means (and standard deviations) being 3.20 (0.93) for the former and 3.00 (1.00) for the latter, t(19) = 0.81, p = .43. There was marginal evidence in favor of the null hypothesis, with BF 01 = 3.22. There was a positive but non-significant correlation between the number choosing the smaller area as shorter and the percentage difference between the areas of the stimulus pairs, r = 0.36, t(8) = 1.10, p = 0.30, BF 10 = 0.62). Five of the 20 participants mentioned area and one cited convexity as relevant factors in their judgments. Of these six, five stated that smaller areas indicated shorter paths, while one did not specify a direction. The performance results supported the second hypothesis, that paths with smaller areas are judged to be shorter.
Overall, a majority of participants (75%) cited crossings as a factor in their judgments, while a minority (30%) mentioned area or convexity, suggesting that of the two, crossings were more noticeably or actively linked by participants to their decision making. Nevertheless, the approximately equal effect sizes imply that the two factors had a similar impact on length judgments.
The effect of crossings on judgments may arise from the same cognitive sources as a crossing avoidance strategy (van Rooij et al., 2003) , which proposes that crossing avoidance may be used during tour production as a means of generating short tours. If crossing avoidance leads to better tours then, arguably, the more crossings that are avoided, the better a tour is likely to be. If so, and if judgments are associated MacGregor, J. N.
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Although the results showed a significant tendency for the stimulus with the smaller area to be judged the shortest of a pair, some doubts remain about a direct connection between the two factors. For one thing, only a minority of participants identified area or convexity as a factor. In addition, there was no significant correlation between actual area differences and a tendency to choose the smaller area as shorter. One question is whether people can actually reliably detect the differences used here in the areas of these complex polygons. If not, then presumably some related but more detectable stimulus characteristic was used in judging comparative stimulus length. To further explore this issue Experiment 2b investigated whether people can reliably judge differences in area with this type of stimulus.
ExpErImEnt 2a
Experiment 2a was conducted to further examine the influence of crossings on comparative judgments of tour length. In the first experiment, a stimulus tour with a crossing was more likely to be judged longer than a tour of the same length without a crossing. The present experiment examined whether the mere presence of a crossing accounts for the whole effect, or whether more crossings in a single tour add to the effect.
In addition, Experiment 2a introduced a procedural modification. In the first experiment some anomalies arose between participants' decisions and their subsequently expressed strategies. For example, of the 13 stating that crossings were a sign of a longer tour, three selected a tour with a crossing as shorter in the majority of comparisons, in one case, 85% of the time. While there are several reasons why this may have occurred, a simple possibility is that the way judgments were recorded could have been a factor. Each member of a comparison pair was labeled A or B, and participants indicated their choice by reading out the label, which was then recorded by the experimenter. It is possible that during the session a participant may have confused whether they were to report the shorter or the longer member of a pair, or some other reporting or recording error may have taken place. Experiment 2a aimed to improve the procedure by using a more objective indicator of choice, and one that was better aligned with the direction of the judgment. Stimuli. The initial base stimuli were five 20-node point sets each with a completed E-TSP tour with no crossings. Four of the stimuli were taken from the first experiment and one was randomly generated for the present experiment. For each point set two additional tours were randomly generated, one with one crossing and one with more than one crossing, under the constraint that tours with crossings were (1) shorter than the corresponding base tour, and (2) within 2% of its length. 
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Each of the five stimulus triads yielded three paired comparisons, 0 crossing versus 1 crossing, 0 crossing versus >1 crossing, and 1 crossing versus >1. The resulting 15 paired comparisons were presented as Powerpoint slides in random order. On each slide, a randomly selected member of the pair was rotated through 180 degrees to obscure the fact that members of a pair involved the same point set. Figure 2 provides an example of a zero versus multiple crossing comparison used in the experiment.
Procedure. The procedure was the same as in the first experiment except that, having made a judgment, participants were required to indicate it by clicking on the picture frame of the perceived shorter path and dragging the image frame until the path appeared to be the same length as the comparison tour. This provided an objective record of which tour was judged the smaller and served as a reminder to participants that the decision was to select the shorter of the two tours. In the present experiment, participants were not asked about strategies following the procedure.
rEsults and dIscussIon
The mean number (and standard deviation) of times that stimuli were judged shorter were as follows. The results appeared to support and extend those of the first experiment. First, tours with a crossing were systematically judged to be longer than tours with no crossing, replicating the finding of Experiment 1. Second, and consistent with this, tours with more than one crossing were judged to be longer than tours with none. Third, the effect sizes in the 0 v 1x and 0 v > 1x comparisons were relatively similar, at d = .82 and .91, respectively, suggesting that the mere presence of a crossing had as much impact on judgments as multiple crossings. Finally, and supporting the latter conclusion, when participants compared tours having one crossing with tours having more than one, there was no significant difference in which was judged to be longer.
The results support those of the first experiment in concluding that people use a crossings heuristic in deciding which of two tours is longer.
ExpErImEnt 2b
Experiment 2b was conducted to further examine the influence of area on judgments of tour length. In the first experiment, a tour with a smaller area was more likely to be judged as shorter than a tour of greater area, and it was proposed that people may use area differences as a heuristic for judging perimeter lengths. However, only a minority of the participants in the first experiment (30%) cited area or convexity explicitly as a factor in their decisions, suggesting that they may not have been aware of area differences. This raises the issue whether people can in fact reliably discriminate differences in areas of these complex polygons. If they cannot, then it suggests that some other factor was responsible for the results of the first experiment. The present experiment was conducted with two main aims. One was to replicate the area-related findings of Experiment 1. The other was to test whether participants can indeed reliably judge relative differences in areas in these stimuli.
mEthod
Participants. The participants were the 20 volunteers from Experiment 2a, and they took part in the present procedure immediately following the previous one.
Stimuli. The initial base stimuli were six 10-node point sets and six 20-node point sets, each with a completed E-TSP tour with no crossings and with a tour length in the range typical of human solutions (from 0% to 25% above the optimal tour). Four of the stimuli were taken from the first experiment and eight were generated for the present experiment. For each point set a second tour was found of approximately the same length (within 2%) but with a different area (> 5%). Length differences between pair members ranged from 0.04% to 1.24% with a mean of 0.30%. Area differences ranged from 8% to 84% with a mean of 34%.
Two of the stimulus pairs represented special cases. For these, the optimal tour was used as the test stimulus. Then, in each case, an alternative quasi-optimal tour (within 0.04%) was found using the procedure described in MacGregor (2012). One of these pairs had an area difference of 9%, the other, of 22%.
The result of the process was 12 paired comparisons which, as previously, were presented in random order as Powerpoint slides. As before, a randomly selected member of each pair was rotated through 180 degrees to obscure the fact that both tours in each pair involved the same point set. An example is shown in Figure 3 .
Procedure. In this case there were two separate components to the procedure that were conducted one after the other, in one case requiring participants to select the shorter member of a pair, in the other, to select the one with the smaller area. One MacGregor, J. N.
Heuristics for Comparing the Lengths of Completed E-TSP Tours half of the participants made the length judgments fi rst followed by area judgments of the same stimuli (but in a diff erent random order). Th e remaining participants made length and area judgments in the reverse order. Otherwise, the procedure was the same as in Experiment 2a.
rEsults and dIscussIon
Length judgments. Th e number of times that pair members with the smaller area were judged shorter ranged across participants from 3 to 12 of 12 judgments, with a mean of 7.90 (s = 2.29), representing 66% of decisions. Th e diff erence from the expected mean of 6 was signifi cant by a one-sample test, t(19) = 3.71, p < .01, d = 0.83, BF 10 = 25.81. Th ere was no significant diff erence between the 10-node and 20-node problems in judging smaller areas to be shorter, the means (and standard deviations) being 3.95 (1.47) for the former and 3.95 (1.15) for the latter. As in Experiment 1, there was a positive but non-signifi cant correlation between the number choosing the smaller area as shorter and the percentage diff erence between the areas of the stimulus pairs, r = 0.15. Th e results replicated those of Experiment 1 in showing that participants appear to use diff erences in area (or a correlated attribute) in judging comparative lengths of tours. At the same time, the lack of any signifi cant correlation between the percentage diff erences in area and the strength of tendency to choose the smaller area as shorter is somewhat surprising. Other factors being equal, larger area diff erences should be more apparent than smaller ones and therefore more available for use in length judgments. However, it is possible that even the lower area diff erences were suffi ciently above threshold that additional degrees of diff erence did not have an eff ect.
Area judgments. For each of the 12 stimulus pairs, participants judged which member of a pair had the smaller area. Th e number of correct decisions ranged across participants from 9 (75%) to 12 (100%), with a mean of 10.90 (s = 1.07). Overall, 91% of judgments were correct, indicating that participants were highly accurate in detecting diff erences in area between pairs of these complex polygons. In this case, there was a signifi cant correlation between the percentage diff erence in area between members of a pair and the number of correct decisions, r = 0.64, t(10) = 2.81, p < .05, BF 10 = 3.27.
GEnEral dIscussIon
Th e article reported several studies designed to test the proposal that in judging the comparative lengths of completed E-TSP tours, people do what they appear to do in attempting to construct tours, which is to apply heuristics. Th e studies tested two possible heuristics, the presence of crossings, and diff erences in area (or convexity). Th e fi rst is related to proposals that, in constructing tours, people avoid creating crossed arcs (van Rooij et al., 2003) , the second, to models that propose that they use a form of convex hull (Best, 2005; MacGregor, Ormerod, & Chronicle, 2000) . Th e results of the fi rst experiment showed that people systematically judge tours with crossings to be longer than tours without. Furthermore, a majority of participants were aware of using this characteristic in making their judgments (75%). Th e results of the second experiment supported and extended these results by fi nding again that tours with crossings were judged to be longer but that those with more crossings were not judged to be longer than those with only one.
In addition, the results of the fi rst experiment indicated that tours enclosing a smaller area were judged to be the shorter of two tours of equivalent lengths, although participants were less likely to be aware of this characteristic infl uencing their judgments (30%). Participants mentioned a variety of other stimulus features that may have been related to area or convexity but which were more diffi cult to interpret unambiguously. Th ese included complexity, convolutions, number of angles, number of zigzag lines, and number of long, straight, lines. It is possible that some, or all, of these represented an attempt to articulate stimulus features that are correlated with area. Th e second experiment replicated the fi nding that tours with smaller areas were judged shorter. It also established that participants were able to reliably detect diff erences in areas of these magnitudes, thereby confi rming that area diff erences could provide a feasible heuristic for making length comparisons. Carruthers (2015) proposed that when problem solvers are faced with a problem where it is infeasible to identify whether or not the goal has been reached, they may modify the goal into one that is feasible to identify. In the case of the E-TSP, an example of a possible modifi ed goal is "a valid tour" (p. 49). Th e fact that people appear to use heuristics both in constructing tours and, as demonstrated here, in comparing their lengths, does not necessarily challenge this view, as heuristically guided decisions could be regarded as a form of goal modifi cation. Th at is, if "a valid tour" represents a modifi ed goal, then "a valid tour with no crossings" and "a valid tour with a small area" might be regarded as more specifi cally modifi ed goals. If this interpretation is valid, then identifying the heuristics applied is equivalent to "identifying the problem as encoded. " Th is would also imply that tour construction is driven by such strategies, and whether tours with no crossings or small areas are the result of these strategies or are the outputs of other heuristics remains an open question. Nevertheless, the present fi ndings related to crossings could be interpreted as consistent with a crossingavoidance hypothesis (van Rooij et al., 2003) , while similarly the fi ndings related to area are consistent with models based on the convex hull (Best, 2005; MacGregor et al., 2000) .
In the present experiments, although the paired comparisons involved tours of virtually identical lengths, one tour was always slightly shorter than the other. Th us, there was always a "correct" answer. However, because the diff erence was apparently below threshold, participants' decisions were as oft en incorrect as correct. Heuristic decision making has sometimes been characterized as "irrational" if it leads to incorrect outcomes (Kahneman & Tversky, 1972) , and the present decisions appear to meet this description. However, this could be the result of the specifi c stimuli used and it may be that the present heuristics have some ecological validity.
As far as I am aware, the present study is the fi rst to systematically examine stimulus factors used in judging the lengths of E-TSP tours and, more generally, the perimeter lengths of complex polygons. As such, it is exploratory rather than exhaustive, and provided a very limited manipulation of factors. One limitation is that it did not take into account that there are different types of possible intersections (van Rooij et al., 2003) and the question remains open as to whether some types of crossings are more likely to affect judgments than others. Another limitation is that in controlling both point sets and perimeter lengths the present comparisons confounded area, convexity, and circularity. Having now established that at least one of these factors is relevant, future experiments may be designed to identify which are critical. Finally, there are stimulus factors other than those studied here that may influence length judgments.
